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Abstract 

Wc consider the asymptotic behaviour of the approximation, Gclfand and Kolniogorov 
numbers of compact embeddings between 2-microlocal Bcsov spaces with weights defined in 
terms of the distance to a d-set U C M". The sharp estimates are shown in most cases, where 
the quasi-Banach setting is included. 
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1 Introduction 

In this paper we investigate the embeddings between 2-microlocal Besov spaces with one special 
type of weights from the standpoint of certain approximation quantities. More precisely, we are 
interested in asymptotic behaviour of the approximation, Gelfand and Kolmogorov numbers. 
This problem has recently been suggested only for entropy numbers by Leopold and Skrzypczak 
|17| . First, we recall some definitions. 

Let if he a positive function from the Schwartz space 5(M") of infinitely differentiable and 
rapidly decreasing functions with 

(p{x) = 1 for \x\ < 1 and suppy? C {x : \x\ < 2}. (1-1) 

We set ifQ = if and ^j{x) = tp{2^^x) — tp{2^^^^x) for j G N and x € M". This leads to the 
smooth dyadic resolution {y'jljeNo of unity, i.e., Yl'^=o^ji^) = 1, G 1^", so 
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where 

For a bounded subset U C M", we denote dist(x, U) = infyg[/ \x — y\, and we define for s' G M 
the 2-microlocal weights by 

:= (1 + 2^' dist(x, [/))"', j G No, x G M". (1.2) 

This type of weight sequences is just a typical example for admissible weight sequences. We 
refer to [10^ [T2] for detailed discussions of a large class of admissible weight sequences. The case 
of single weights seems more familiar to us, cf., e.g., [71 [T6l [30]. 

Given < p,q < oo and s, s' G M, we define the 2-microlocal spaces Bplq (M", U) by 

i?^;f(]R",C/) = {/GcS'(]R") : ||/ | i^^.f (M", < oo}, 

where 

There is an analogous definition for Fp^q (R",C/). Moritoh and Yamada introduced in [50] 
the spaces Bp]q (M", U) of homogeneous type in case when U C is open. 
2-Microlocal Besov spaces 

^s,™oc^jg„^^^ with more general admissible weights were intro- 
duced by Kempka [inillS], and generalized the 2-microlocal spaces Cx'o (l^") introduced by Bony 
[1] and Jaffard [8] in two directions. We refer to [lOl [TTl [121 HH] for systematic discussions of 
this concept, its history and further references. 

Following Leopold and Skrzypczak [17] . we concentrate on the embeddings, 

B;ifql{R^,U) B;ifql{R\U), (1.3) 

where C/ is a d-set (the precise definition of d-sets will be given in Section 13. ip . 

Our main intention in this paper is to find the optimal asymptotic order of the approxima- 
tion, Gelfand and Kolmogorov numbers of the embeddings ()1.3p . Our approach is essentially a 
combination of [17] and [23] with its corrigendum [25]. In particular, Leopold and Skrzypczak 
[17] gave a necessary and sufficient condition on the parameters and weights of the 2-microlocal 
Besov spaces which guarantees compactness of the embeddings (|1.3p . and determined the en- 
tropy estimates for such embeddings. Moreover, our main tools are the use of operator ideals, 
see [21 [211 [22] , and the basic estimates of related widths of the Euclidean ball due to Kashin [9] , 
Gluskin |6] and Edmunds and Triebel [3] with [2 [5] [IHl [29] . 

The paper is structured as follows. In Section 2, we introduce approximation, Gelfand and 
Kolmogorov numbers, and present our main results. Section 3 represents the most dominant part 
of this paper; here we adopt a wavelet description of the 2-microlocal Besov spaces Bplq (M", U), 
and prove their width estimates of embeddings of related sequence spaces. Finally, in Section 
4, these results will be used to derive the desired estimates for the function space embeddings 
under consideration. 
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Throughout the paper (unless additional restrictions are mentioned) we suppose that 

1 1 

s,si,S2,s',s[,S2 GR, < p,pi,p2,q,qi,q2 < oo, 6 = si - S2 - n{ ) > 0. (1.4) 

Pi P2 

For a real number a, we define a_|_ = max(a, 0). And let ^ = (^ — ^)+- 

Notation 1.1. By the symbol ' we denote continuous embedding s. 

Identity operators will always be denoted by id. Sometimes we do not indicate the spaces 
where id is considered, and likewise for other operators. 

Let X and Y be complex quasi-Banach spaces and denote by C{X, Y) the class of all linear 
continuous operators T : X — )• Y. If no ambiguity arises, we write \\T\\ instead of the more exact 
versions \\T \ C(X,Y)\\ or ||T : X — )• Y\\. 

The symbol au ^ bk means that there exists a constant c > such that < cbk for all 
A; G N. And aj. ^ b^ stands for b^ ^ Ofc, while ~ 6^ denotes ^ bk ^ a^- 

All unimportant constants will be denoted by c or C, sometimes with additional indices. 

2 Main results 

We recall the definitions of the approximation, Gelfand and Kolmogorov numbers, see [2H I23j. 
We use the symbol A CC B if A is a closed subspace of a topological vector space B. 

Definition 2.1. Let T G C{X,Y). 

(i) The kth. approximation number of T is defined by 

akiT, X, Y) = inf{||r - ^|| : A£ C{X, Y) with rank(A) <k}, k£ N, 

also written by ak{T) if no confusion is possible. Here rank(A) is the dimension of the 
range of the operator A. 

(ii) The fcth Kolmogorov number of T is defined by 

dk{T,X,Y) = inf{||Q]vr|| : N CC Y, dim{N) < k}, 

also written by dk{T) if no confusion is possible. Here, stands for the natural surjection 
of Y onto the quotient space Y/N . 

(iii) The fctli Gelfand number of T is defined by 

Ck{T,X,Y) = inf{||TJj^|| : M CC X, codim(A^) < k}, 

also written by Ck{T) if no confusion is possible. Here, stands for the natural injection 
of M into X. 
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Note that the k-th approximation, Kolmogorov and Gelfand number are identical to the 
(k — l)-th linear, Kolmogorov and Gelfand width of T, respectively, see Pinkus [23]. 

It is well-known that the operator T is compact if and only if lim^ dk{T) = or equivalently 
limfc CkiT) = 0, but if lim^ ak{T) = 0, see [23]. The opposite implication for ak{T) is not true in 
general. 

Both concepts, Kolmogorov and Gelfand numbers, are related to each other. Namely they 
are dual to each other in the following sense, cf. [211 123j : If X and Y are Banach spaces, then 

Ck{T*) = dk(T) (2.1) 

for all compact operators T G C{X,Y) and 

4(r*) = cfc(r) (2.2) 

for all T G C{X,Y). 

Both, Gelfand and Kolmogorov numbers, are subadditive and multiplicative s-numbers, as 
well as approximation numbers. One may consult Pietsch [22] (Sections 2.4, 2.5), for the proof 
in the Banach space case. And the generalization to p-Banach spaces follows obviously. Let Y 
be a p-Banach space, < p < 1. And let denote any of the three quantities a^, d^ or c^. 
Then we collect several common properties of them as follows, 

(PSl) (monotonicity) ||r|| = si{T) > S2{T) > • • • > for aU T G C{X,Y), 

(PS2) (subadditivity) sl^^,^_^{S + T) < s^(5) + s^(r) for ah m, fc G N, 5,r G C{X,Y), 

(PS3) (multiplicativity) Sm+k^i{ST) < s„(5)sfe(T) for ah T G C{X,Y), S G C{Y, Z) 

and m, G N, cf. [21](p. 155), where Z denotes a quasi-Banach space, 
(PS4) (rank property) rank(T) < k if and only if Sk(T) = 0, where T G C{X,Y). 
Moreover, there exist the following relationships: 

Ck{T)<ak{T), dk{T)<ak{T), A; G N. (2.3) 

Now we recall the characterization of compactness of the embeddings under consideration, 
which was proved in [T7] . 

Proposition 2.2. Let U be a d-set, < d < n, Wij{x) = (1 + 2^ d]si{x,U)Y'i , i = 1,2, and 
s' = s'l — S2 > 0. Then the embedding ( fi.3)) is compact if and only if 5 > d/p* and s' > n/p* . 

For < p < 00, we set 



p' 



^ if 1 < p < 00, 



1 if p = 00, 

00 if < p < 1. 

We are now in position to state our main results. 

Theorem 2.3. Let U be a d-set, < d < n, and Wij{x) = (1 + 2^ dist(x, [/))"*», i = 1,2. 
Further, let t = mm{p[,p2), s' = s'l — S2 > and i = min(^,|^) + ^. We assume that 
< Pi < P2 < 00 or p < p2 < pi < 00. 

Denote by the kth approximation number of the embedding liL3\) . Then Ok ~ k~^, where 
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(i) X = mill if < pi < p2 < 2 or 2 < pi < p2 < oo, 

(ii) K = mill (a, It) + ^ - ^ if P < P2 < Pi < oc, 

(m) X = mill (3, f^) + ^ - 7 i/ < pi < 2 < p2 < 00 and min (|, f^) > 

(iu) >2'=^'| i/0<j>i<2<p2<oo a^^c^ 5 > s', wii/i the following restrictions, 

\d-s'<^, \S-s'>^, 

Besides, suppose that in addition, < pi <2<p2^co and 5 < s' . Then 
(i) k"r'^''''^i'i) ^ flfc ^ A;-i°^i'i(3'^) tf 6 < f, s' < ^ and 6 - s' < 

(ii) k-r'^'^'^i'i) ^ ak ^ k-^-"^'""^^'^^ tf6 + s'<^ and6-s' 

Remark 2.4. Note that in the above assertion point (iv), as well as the latter statements (i) 
and (ii), vanishes if < pi < 1 and p2 = 00. 

Theorem 2.5. LetU be ad-set, 0<d<n, and Wij{x) = {1 + 2^ dist{x, U)Y'' , i = 1,2. Further, 

I t I . IM - 1/P2 , 1 /5 s\ 1 

s=Si-S2>0, = —— — — and -=mm(-,— jH . 

1/2 — I/P2 P d n' pi 

We assume that < < p2 < 00 or p < p2 < pi < co. 

Denote by d^ the kth Kolmogorov number of the embedding Then d^ ~ A;~^, where 

{i) X = min ^) if < pi < p2 < 2 or 2 < pi = p2 < 00, 
(ii) K = min (3, |r) + ^ " ^ if P < P2 < Pi < oc, 

(m) X = min 1^) + i - ^ if < pi < 2 < p2 < 00 and min ^) > ^, 
(iu) >2'=f^'^ i/0<pi<2<p2<oo tt'^c^ (5 > s', wii/i t/ie following restrictions, 
J ^ P2 ' or < P2 ' 

(^) = f^) + ^ - i 2 < pi < p2 < 00 an^i min ^) > £, 

(vi) >^ = ^ ' ^ if 2 < pi < p2 < 00 and 6 > s' , with the following restrictions, 

1 5 _ s' < ^d^e, \6-s' > ^^e. 

Besides, we have the following statements. 
(i) Suppose that in addition, 0<pi<2<p2<co and 6 < s' . Then 

(a) ^ 4 ^ A;-f -"^"^(1'^) if § < A g' < ^ and 6 - s' < 



P2 ' P2 P2 

(b) fc^f -"^"^(iTT) ^ 4 ^ /c-^-™n(5,i^) ^ _^ 5/ < «. and 5 - s' > 

\ / — Ii — •' P2 P2 
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{a) Suppose that in addition, 2 < pi < p2 < oo and 6 < s' . Then 

(a) ^ 4 ^ k-^-'^'^^a^) ifd< ^e, s' < ^9 and 6 - s' < ^^9; 

(6) fc-f ^ 4 ^ fc-^-^^'^^-^'^) ifS + s' <f-^e and 6 - s' > ^9. 

Remark 2.6. Points (iv) and (vi), as well as the latter statements (i) and (ii), vanish ifp2 = oo. 
Theorem 2.7. Let U he a d-set, < d < n, and Wij{x) = (1+2-' dist(x, f/))'^'s i = 1, 2. Further, 

s =Si-S2>0, 9i = —— — —J- and - = min(-,-jH . 

1/2 — l/p\ p ^d n' pi 

We assume that < Pi < P2 1^ oo or p < p2 < Pi < oo. 

Denote by the kth Gelfand number of the embedding U.3\) . Then ~ k~^, where 

(i) X = mill 1^) if 2 <pi <p2 < oo or < pi = p2 < 2, 

(ii) K = mill (a, It) + ^ - ^ if P < P2 < Pi < oo, 

(m) X = mill 1^) + ^ - i i/ < pi < 2 < p2 < oo and min ^) > ^, 

(iv) ^=f^"^ i/l<pi<2<p2^oo and (5 > s', to^/i t/ie following restrictions. 



{v) X = min (1, 1^) + i - i < pi < P2 < 2 and min f^) > 



(fi) ^=^"2 ^/l<Pi<P2<2 and 5 > s', mt/i t/ie following restrictions. 

Besides, we have the following statements, 
(i) Suppose that in addition, l<pi<2<p2^oo and 6 < s' . Then 

(a) ^ cfc ^ A;-4-'^Mi,^) 5 < 4, 5' < 4 5 - s' < 

, , Pi Pi Pi 

(6) A;-^-'^'°(^'^) ^ Cfc ^ + < ^ and 5 - s' > 

(ii) Suppose that in addition, 1 < pi < P2 ^ 2 and 6 < s' . Then 

(a) <Ck< k-^-T-'^'^-d^^) if6< f^9i, s' < f9i and 6 - s' < ^9u 

(b) fc-^-°^i°(l'f^) ^ cfc ^ A:-^-"^''^(^'^) if5 + s'< and (5- s' > ^^i. 

Remark 2.8. Points (iv) and (vi), together with the latter statements (i) and (ii), vanish if 
<pi < 1. 

Remark 2.9. We shift the proofs of the above three theorems to Section^ 

Now, we wish to compare the approximation, Gelfand and Kohnogorov numbers of the 
embedding ()1.3p . The comparison of these above results shows that 
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(i) a„ ~ Cn if either 

{a) 2 < pi < p2 < oo or, 

(b) p < p2 < Pi < oo or, 

(c) 1 < pi < pi < P2 < oo and min (^, ^) > ^; 
(ii) On ~ dn if either 

(a) < pi < p2 < 2 or, 
{b) p < p2 < Pi < GO or, 

(c) < pi < 2 < p2 < K < and min (|, ^) > ^; 
(iii) Cn ~ if either 

(a) p < p2 < pi < oo or, 

(6) 1 < pi < p'l = P2 < oo and min {^,^) > ^. 

Note that we don't discuss above the case when 0<pi<2<p2<oo and min(^,|j^) < 

1 

min(p'^,P2) ' 

3 Widths in sequence spaces 

This section is the heart of the paper. Our main aim wih be to determine the asymptotic be- 
haviour of related widths of compact embeddings between weighted sequence spaces iq{2^^ip{w)), 
where the sequences are indexed by Nq x Z". 

3.1 Preliminaries 

Here we are going to use the discrete wavelet transform in order to obtain equivalent quasi-norms 
in the spaces Bp'^q {W^,!!) which, in a quite natural way, will establish isomorphism between 
Bplq (R",?/) and appropriate sequence spaces, cf. [10]. By now this is a standard method to 
reduce complicated problems in function spaces to simpler problems in sequence spaces. The key 
point in this discretization technique is that the asymptotic order of the estimates is preserved. 

Wavelet bases in function spaces are a well-developed concept, see [28] for a survey. We 
adopt the notation from (Section 4.2.1) with I = 0. Let V'MjV'f G C'^(M) be real compactly 
supported Daubechies wavelets with 

/ xf^'il)M{x)dx = for \(3\ < k. 

Let G° = {F, M}" and let = {F, M}"* where n* indicates that at least one Gj of G = 
(Gi, . . . ,G.„) G {F, M}"-* must be an M. It is clear that the cardinal number of {F, M}"* is 
2*" - 1. Let for x G M" 

n 

ij'^Jx) = 2^t Yl i^Gp^Xi - m,) where j G Nq, m G and G = (Gi, . . . , G„) G 

i=l 



7 



Then {ipj^^ : j G No, G G m G Z"} is an orthonormal basis in L2{M.'^), see pB[27] . 
In our situation we shall consider the following sequence spaces, see |10] (Section 5.3.4). 

Definition 3.1. Let w = (u;j)jgNo be as in il.^) . We put 

= {i^hJj,G,n. ■■ \\x\b;:Uw)\\ < oo}, 

where 

\j=0 GgGJ meZ" / 

The following proposition can also be found there, see [10] (Corollary 5.33); cf. also [T7]. 

Proposition 3.2. Let U G M" bounded and w = {wj)j£f^Q as in Further, let f G 

Bp]q (]R",[/), k large enough and 

Then 

L : /^2^-?(/,V^eJ 

is an isomorphic map from Bp]q (M", U) onto bpfq (w). 

Inspired by Proposition 13.21 we shall work with the following weighted sequence spaces. Let 
{wj)j^fqQ be a given weight sequence as in (|1.2p . We put 

/ 1/ 1 ^'-'^ 

||A|^,(2^%(u;))|| = (j;2^-^«( \X,,mW,{2-^mWy') ' < oo , 

(usual modification if p = oo and/or q = oo). If s = we will write iq{ip{w)). In contrast to 
the quasi-norm defined in Definition 13.11 the finite summation on G G G-' is irrelevant and can 
be omitted. Similar considerations may be found in O [161 [T71 [2l] . Furthermore, let 

A, := iq,i2'^''~f-ikpM)), M ■■= iq,{2^^''-"^hp,iv,)), 

B^:=£q,{VHp,{w)), B2:=iq,iip,), 

where 

vi = (w^ij)ieNo, V2 = {w2,j)jmo a'^'i ^ = (^i)ieN(, with Wj{x) = — for x G Z". 

W2,j[X) 

As is already discussed in [iTj , we observe by the properties of s-numbers that 

Sk{id,Ai,A2) = Sk{id,BuB2), k = l,2,..., (3.2) 
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where Sk denotes any of the three quantities ak, or Ck- Hence, we may concentrate on 
Skiid,Bi,B2). 

We shall consider compact subsets of M" for U, in order to guarantee the compactness of the 
embedding Bi ^ B2. We are now able to recall the definition of d-sets, which are fractal sets 
in between single point sets {xq} and compact sets with non-empty interior, cf. |26| . 

Let [/ be a compact set and /i a Radon measure with supp/i = U . The set U is called a 
(i-set, < d < n, if for each ball of radius r and centered in 7 € [/ holds 

fi{B{'j,r)) r^, with < r < 1. 

Let us mention the estimation of a number of dyadic cubes of a fixed side length that are in 
a predetermined distance to the set U. 

For i, j G No, we denote by Nj^i the number of cubes Qj/ of side length 2"-', centered in 
2-H with 

V^2-J+* < dist(Qj-^, U) < 4V^2-^+*, i e Z". (3.3) 
The following lemma may be found in |17j . 
Lemma 3.3. Let U be a d-set, then 



'2in2ij-i)d 0<i<j, 

2*" j < i. 



Following Pietsch [22], we associate to the sequence of the s-numbers the following operator 
ideals, and for < r < 00, we put 



^r^'i ■■= [t G C{X, Y) : supni/'s„(r) < ool 

I nGN J 



(3.4) 



Equipped with the quasi-norm 



4t(r) :=supniAs„(r), (3.5) 

n6N 



(s) 

the set ^r,oo becomes a quasi-Banach space. For such quasi-Banach spaces there always exists 
a real number < p < 1 such that 

Li%(^T}j <Y,4%{T,r (3.6) 

holds for any sequence of operators Tj G ^r,?i,. Then we shall use the quasi-norms Lj^lo, Li%, 
and lI'^Io for the approximation, Gelfand and Kolmogorov numbers, respectively. 

Remark 3.4. We would like to add some comments on operator ideals. Historically, the tech- 
nique of estimating single s-numhers (or entropy numbers) via estimates of ideal (quasi-)norms 
derives from ideas of Carl f^. In the 1980s this technique was frequently used in operator the- 
ory, in eigenvalue problems for Banach space operators, etc. In the function spaces community 
however, the operator ideal technique remained unknown for many years. As far as we know, it 
was applied for the first time in Ii5| /. both of which appeared in 2003. 
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For brevity's sake, we wish to make an additional agreement throughout the following three 
subsections. Let U he a d-set, < d < n, and wj^e = Wj{2~H) = (1 + 2-^ dist(2~-'£, [/))* a 
sequence of weights, j G Nq, (- G Z", s' = s'^ — s'2 > 0, if no further restrcitions are stated. 

3.2 Approximation numbers of sequence spaces 

To begin with, we shall recall some lemmata. Lemma [3.51 follows trivially from results of Gluskin 
[B] and Edmunds and Triebel [3]- Lemma 13.61 is due to Vybiral |29j . 

Lemma 3.5. Let N £ N and k < ^ . 

(i) // < pi < p2 < 2 or 2 < pi < p2 < 00 then 

afc(id,£^,£^J~L 

(ii) If 1 < pi < 2 < p2 < 00 and {pi,P2) 7^ (1,00) then 

a,(id,£^,£^J~min(l,iVV*fc-i/2). 

where \ = . }, — r. 
iiii) If < pi < 1 and 2 < p2 < 00 then 

a,(id,£^,<J~min(l,ivV^'^fc-i/2). 

Lemma 3.6. Let < p < 1 and iV G N. 

(i) Let < A < 1. Then there exists a constant cx > depending only on A such that 



1 if k< N^, 

cxk-^/^ if <k<N, (3.7) 
k> N. 



(ii) There exists a constant C > independent of k such that for any k £ N 

ak{id,il\i^^)>Cn~y\ (3.8) 

Lemma 13.71 in the case 1 < P2 < Pi ^ 00 may be found in Pietsch [2T], Section 11.11.5, 
also in Pinkus |23](p. 203). The proof may be directly generalized to the quasi-Banach setting 
< P2 < pi < 00. 

Lemma 3.7. Let < p2 < pi < 00 and k < N. Then 

au (id,<^,<J = (iV-A; + l)VP2-VPi. 

The following lemma in the case l<pi<2<p2<c)o may be found in |24j . The proof 
may be trivially extended to the quasi-Banach spaces with < pi < 2 < p2 < cOj by virtue of 
Lemma 13.51 (iii) . 
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Lemma 3.8. Suppose < pi < 2 < p2 < oo, and assume that p2 oo when < pi < 1. Then 
there is a positive constant C independent of N and k such that 



( 1 if k< iV^A, 

< ^ < ]v, (3.9) 
if n > iV, 



where t = ■ /\ — v. 

Proposition 3.9. Suppose 0<pi<2<p2^C)O CLi^-d t = min(p'^,p2)- 
(i) //mm(^,f^) > i, then 

.(id, V(2^%,H),^,.(^P,)) ~ k"^'^m) + T~l (3.10) 



ak\ 



S<f, \6 + s'< 

or s 



(ii) If 6 > s' and either < ' , or < * ' then 



ak{id,£,,{2^^£p,{w)),e,,{ep,)) k-'^-l (3.11) 



(Hi) Ifd<j, 6 <s' <^ and6-s' < then 

k~'2-^<ifi) < afc(id, V(2^'%iH),^..(^pj) ^ A;-r--(|.^). (3.12) 



(ii;) If6<s', 5 + s' < f and (5 - s' > i/ien 

^ ak{id,£,,{2^'ip,{w)),e,,{£p,)) ^ (3.13) 

Proof Step 1. Preparations. We denote 

A := {A = (A,,^) : Xj^i G C, j£ No, ^ G Z"}, 

and set 

Bi=£g,{2^^£p,{w)) and 52 = ^92(^^2)- 
Let C No X Z" be such that 

/,,o := {{j,£) : dist(2-^£, U) < ^2"^}, j G No, (3.14) 
. := {(jj) : ^2~-'+^^i < dist(2~^'^, U) < ^^2"^+^}, i G N, j G No. (3.15) 
Besides, let Pj^i : A 1— )• A be the canonical projection with respect to Ij^i, i.e., for A G A, we 



put 

CP. -XV . ■= J 

otherwise. 



(^..A)., := \ . € No, . G Z", ^ > 0. 
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Then 

oo oo 

idA = EE^i'- (3-16) 

Wj{2-H) ~ (1 + 2^2~^+Y ~ 2''' if {j,£) G i > 0. (3.17) 

Due to Lemma [3^ and the structure of U, cf. [T7], we have 

(2in2U-^)d 0<i<j, 

I 2 , < J < t, 

and 

{omoO-j)^ < i < i 

' (3.19) 
2 , < J < 

Thanks to simple monotonicity arguments and exphcit properties of the approximation numbers, 
there is a positive constant C independent of k, j and i such that 

ak{PJ,^, Bi,B2) < C2~^^2-'''ak{id,4'r,42'')- (3-20) 

Step 2. The operator ideal plays an important role. To shorten notations we shall put ^ = ■^ + ^ 
for any s > 0. By (jS.Sp and (j3.20p . we have 



LfUP^,) < C2-^-^2-'L(«),(id,C'%C") (3.21) 

The known asymptotic behavior of the approximation numbers afc(id, i?^ , ^^), cf. (j3.9p . and 
(|3.18p yield that, with the assumption p2 / cx) if < pi < 1, 

Li%{id,ii^^'\i^n<cr^ ' (3.22) 

[2 ' , < J < z, 

4t(id,<-,<-)<C • ri^M ' ^^'<-^'^>2' (323) 
and in consequence 

4t(^..)<C2-^V-' ' ' (3.24) 

[2 t , 0<j<i, 

41(^,^)<C2-^'2— ' . ' U<^<.?'s>2' (3,25) 

^,°oVj,*;- |2*"(i+^), 0<i<i, i>i. ^ ^ 

If < pi < 1 and p2 = 00, we have t = oo and select < A < 1 such that 2(h^\) ^ ™™ (s' fr) " 
The inequality A • ^ < — ^ holds if and only if ^ > 2{i^-X) ' '^here < A < 1. So there exists a 
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constant s > such that A • ^ < — ^ < min (3, ■!;)• Then, in a similar way as above, we find 
by ([321) that 



r 2(m+d(j-i))i < i < j, i > 



1 ^ 1 



' l2^> 0<j<^, i>2(T^. 

Step 3. The estimate of ak{id, from above in case (i), min (|, f^) > j- Let M G No be 

given. For the identity operator idA, we use the same division, as in the proof of Theorem 6 in 

HZ], 

M j-1 00 j-l 

i=0 i=0 j=M+l i=0 

MM M 00 00 00 \ • ) 

Q'--=EE - E E Q'--= EE 

j=0 fi=j j=0 i=M+l j=M+l i=j 

Next, the proof in this case follows literally the presentation given in [1^ with the obvious 
changes, now using 1/r + 1/t instead of 1/r — 1/p, where the latter notations derive from |17] . 
So we don't expand here. 

Step 4. Now let 6 ^ s', s' < n/t and 5 - s' / We turn to using the following division 

Ml M2 00 

id= E E^.^+ E E^.^+ E E^.^ 

in=Oi+j = m m=Ml+li+j = m, m=M2 + l i+j = rn, 

i<i i<j i<j , , 

(3.28) 

M-i M4 00 ^ ' 

+ E E^.^+ E E^.^+ E E^.- 

Tn=Oi+j=m m=M3 + li+j=m, m=M4 + l i+j = m 

i>j i>j i>j 

where Mi,M2,M3,M4 G N, Mi < M2 and M3 < M4, which wih be determined later on for 
given G N. In terms of the subadditivity of s-numbers, we observe 

ak'{id,Bi,B2) < Ai + A2 + A3 + A4 + A5 + Ae, (3.29) 

where 

Ml M2 00 

ni=0 i+j=m m=Mi + li+j = m m=M2 + li+j = rn 

i<j i<j i<j 

M3 M4 00 

^4 = E E ^kJp,,^), ^5= ^kjp,,i), ^6= Y E ii^i.^ii' 



m=0 i+j = m m=M3 + l i+j — m m=M4 + l i+j = m 

i>j i>j i>i 



and 
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M2 Mi 

m=0 i+i=m m=0 i+j=m 

i<j i>j 

Substep 4.1. First we deal with those parts concerning i < j (i.e., Ai, A2 and A3). We take 



Ml = < 



n/2 
log2 



d d 



if 2d < n, 

if 2(i > n, and M2 = { 
, if 2d = n, 



t log2 
2 ■ d 



t log2 
2 ■ n/2 



if 5 - s' < 



/ ^ 2(i— n 



if 5 - s' > 



/ ^ 2d—n 



t ' 



where [a] denotes the largest integer smaller than a E M and log2 /c is a dyadic logarithm of k. 
Then 



A, 



E E 11^.^11 E E2-'2-' 



m=M2 + l i+j=n 

i<j 



m=M2+l 



< < 



C2 £ 2-™-^ < C32-*^2<5^ 
m= A/2+1 



if <5 < s'. 



Y: 2-f(^+^')<C32-^-^^^, if 5>s' 



C2 

m=A4'2+l 

Next, we choose proper kji for estimating Ai and A2. If i < j and i + j < Mi, we take 
kj^i = Mj^i + 1 such that ai:..{Pj^i) = and Ai = 0. And we obtain 



Ml Ml 

E E ^ -1 E E ^'^^^e^-^)^ < <; 

m=0 i+j=m m=0 i+j=m 



Ml 



C2 E 2'"2 <C32^^i2 <C3fc, 
m=0 



Ml 



if 2d < n, 
if 2(i > n, 



C2 E 2"*°' < C32^*i'^ < csk, 

m=0 
Ml 

C2 E f 2™'^ < C3M1 • 2*^1'^ < C4A;, if 2d = n. 

m=0 



Now we give the crucial choice of kj^i for A2. We put 
where e, zi , Z2 are positive real numbers such that 



Z2 d Z2- zx I 2d-n , -22* ^ d , 2d - n 

(5H < -, < <s-5h and — -=e if (5 < - and 5 - s < , 

2 t' 2 t 2d t t ' 



or 



. , , zi+ Z2 ^ n n ^ ^1 ~ ^2 ^ . , n-2d {zi + Z2)t -r . , , ^ n ,r , 2d - n 

o+s H < — , < < o-s H , ^ — = e\i o+s < — and d-s > . 

2 i' 2 t 2n t t 
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Note that the relation, < e < 1, holds obviously. We observe that 
M2 M2 

m=Mi+l i+j—m m=M\+l i+j- 



< < 



M2 



if (5 < f and < 



m=Mi+l 

csfci-^ 2 2^"^ < C3A;i-^2^2^ ^ ^^^^ j + < « and J - s' > ^^"'^ 

m=Mi+l 



t ' 



and, in terms of (|3.24|) . 



M2 



m=A/l+l i+j=m 

Ma 

m=A/i+l i+j—m 
i<j 

M2 



< < 



C3A;-I(i-^) E 2-^(^-1+^) < C42-*'^25 = c4A;-i5, if 5 < I and 6 - s' < 



m=A/i + l 
Af2 



cgfc-id--) E 2-f(^+^'+^-?)<C4fc-T, if 5 + s'<f and5-s'> 



/ ^ 2d— n 



m=A/i + l 

Substep 4.2. We consider those parts concerning i> j (i.e., A4, A5 and Ag). We take 



Ms 



log2 A; 



and M4 



rt _ log2 /c 
2 ' n 



It should be noted that the inequalities, Mi 7^ M3 and Af2 7^ M4, hold in general. Then 



A. 



E Eii^^^H^^ E E2-^2-^' 



m=M2 + l i+j — n 



m=M2 + l i+j=rr~ 



< < 



C2 



t{S + s') 



m=M2+l 
00 



C2 E 2-™^' < C32-^^4S' < C3A;- 

l, m,= A/2+1 



if 5 < s', 
if 5 > s'. 



If z > j and i + j < M3, we take kj^i = Mj^i + 1 such that a^j , {Pj,i) = and A4 = 0. Moreover, 

A/3 A/3 M3 

Y hi < Cl ^ 2™ < C2 5; 2™" < C32^3n < 

m=0 i+j=m m=0 i+j=m m=0 
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For A 5, we put similarly 

where e, Z3, 2:4 are positive real numbers such that + < j, < ^^-^ < S — s' + j and ^ = £• 
Recall that s' < n/t. And observe that 

A/4 M4 M4 

m=M3+li+J=m m=M3 + li+J=m m=M3 + l 

i>j i>j 
and, in terms of ()3.24p . 

A/4 

A5 < ci ^ ^ 2-J^-*"'2'"/*[A:^-^ • 2^^3 . 2J^4]"i 

m=A/3 + l i+j = ?n 

i>j 
A/4 

m= A/3 + 1 i-t-j=m 

i>j 

A/4 



<C3A.-^(i-) 2 

m=A/3+l 

< c42-*^4^' =C4A;-i^. 

Summarizing all the estimates of the six parts (in fact, A2, A3, A5 and Ag) in each case 
of (ii)-(iv), we obtain the upper bounds in these cases, respectively, as required. We wish to 
mention that, in case (ii), if S > s' and 6 — s' < , then the inequality 2d > n is valid, and 
similarly in case (iv), the relation 2d < n holds. 

Step 5. The lower estimate of ak{id, Bi, B2). Consider the following diagram 



idi 



id (3.30) 



Here, 

tg. \ ^v{u,v) if {u,v)elj,i, 

' \ otherwise, 

and (/7 denotes a bijection of Ij^i onto {1, . . . , Mj^i}, j G No, i G No; cf. (j3.14p and (j3.15p . Observe 
that 



and \\Sj^i\\ = 2^ 



S+is' 



Tj^iGCl ig, (ip,), i^'' ) and 1 1 T,- ^ 1 1 = 1 . 
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Hence we obtain 

afe(idi) < llS'j,,!! ||Tj,j|| afc(id). (3.31) 
In the following four points, we first assume p2 / co if < < 1. 

(a) Let J < I < 1^. We consider the case i = 0, j > |. Lemma [331 implies that A'^-^o ~ 2"^^. 
In view of ()3.19p . we observe that either Mj^i or Mj^2 is no smaller than Nj^Q/2. So by p.lSp . 
we may assume that N := Mj^i = \Ij^i\ ~ 2^'^. Moreover, 

\\Sj,i\\<C2^^ and = 1. 

Put m = [^] ~ 2^'^~'^. And for sufficiently large N we have m > N'^l^ since t > 2. Consequently, 
we observe by Lemma 13.51 that 

a^(idi, £g) ~ ivim-l ~ 20-'^-2)(M). 

Using (j3.3ip . we obtain 

a2..~2(id) > Ci2-^-^2(^-'^-2)(i-i) > ^^2(^-'^-2)(M-|). 
Then the monotonicity of the approximation numbers implies that for any fc G N 



Ofc(id) > C3A;"(d+3-t). (3.32) 

(b) Let J < < ^. We consider the case j = 0, J > |. Then, in a similar manner as above, 
we may assume that N := Mo,j+i = |/o,j+i| ~ 2*". Moreover, 

\\So,^+l\\ < C2''' and ||ro,i+i|| = 1. 
Also put m = [^] ~ 2"*~^. Hence we have similarly for any /c G N 

afc(id) > Cyfc-^^+^-T). (3.33) 

(c) Let 2 — J ^i^d 2 — select the same A^, S, and T as in point (a) and take 
< ^ for sufficiently large N. Then N'tm~2 ~ 1. Hence by Lemma 13.51 and (I3.31|) we 



m 
obtain 



2 

Nt 



am(id) > C2-^^ = C2-^'^i2a, 

and then for any k 

afc(id) > C/c-i. (3.34) 
(d) Let ^ < J and |^ < ^. We select the same N, S, and T as in point (b) and take 



m 



in the same way as in point (c). Then analogously 



am,(id) > C2~'' = C2-™t 27r, 
and in consequence, for any A; G N 



afc(id) > Ck~^. (3.35) 
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If < Pi < 1 and p2 = oo, we have t = oo and consider two cases, 0<|<-|;orO<-|-<|. 

And we choose m = [^] where is taken in the same way as in point (a) or (b), respectively, 

now using (|3.8p instead of Lemma 13. 5[ 

Finally, we mention that in case (ii), the condition 5 > s' implies the inequality < ^• 
The proof of the proposition is now complete. □ 

Remark 3.10. In the situation considered in Proposition \3.9[ how do the approximation num- 
bers behave, if s' < n/t and, 6 = s' or 5 — s' = ? The lower hound given in \3.34^ may he 
the exact asymptotic estimate in some special cases. 

Proposition 3.11. Suppose < pi < p2 ^ 2 or 2 < pi < p2 < oo. Then 

afc(id,V(2^%i(^^)),^g2(^P2)) - A;"", (3.36) 

with 



6 s' 

x = min(-,— ). (3.37) 

d n' 



Proof. The upper bound can be proved in the same way as in the proof of Theorem 6 in [17] 
using 1/ s instead of 1/r— where the latter notations follow from |17] . In fact, in the estimate 
from above, in view of Lemma 13.51 (i), we obtain that for any s > 0, 

4?io(id,#'%«-)<c|^^„/^^ ' (3.38) 

In the estimate from below we only need to consider two cases. If < ^ < we take the 
same A^, 5 and T as in point (a) of Step 5 of the last proof. If < |^ < ^ we choose the same 
A^, S and T as in point (b) therein. □ 

Proposition 3.12. Suppose p < p2 < pi < oo where i = min + Then 

afc(id,V(2J%,(«;)),£,,(£pj) ~ A:"-, (3.39) 

with 

x = min(^,-) + — -— . (3.40) 

d n pi p2 

Proof. The proof of the upper bound may be again finished as in the proof of Theorem 6 in 
|17| with 1/r — 1/p replaced byl/s — l/pi + l/p2j where the former notations follow from [17] , 
Indeed, in terms of Lemma 13.71 we observe that for any s > 0, 

% (3.41) 

2*"U p^+P2\ 0<j<i. 

In the estimate from below, once more we follow the proof of Step 5 of Proposition 13.91 In 
order to guarantee the compactness of the embeddings, here we only need to consider two cases, 
^<4< — or4r< — <4- And we choose m = \^] where A" is taken in the same way as in 

p* a — n p* n a 12 J •' 

point (a) or (b), respectively, now using Lemma ISTTl instead of Lemma [331 □ 
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3.3 Kolmogorov numbers of sequence spaces 

Now, we turn our attention to Kolmogorov numbers. To begin with, we shall collect some 
information on estimates for the Euclidean ball. Lemma 13.131 follows trivially from results of 
Gluskin j6] and Edmunds and Triebel [3]. 

Lemma 3.13. Let iV G N. 

(i) If I < pi < P2 < 2 and k < f, then 

4 (id,^^^,£^J~l. 



(ii) If I < pi < 2 < p2 < oo and k < -j, then 

dk (id,£^,£^J ~min{l,iV^lA;-5}. 



(iii) If 2 < pi = p2 < oo and k < N , then 



4 (id,£^,£^J~i 



(ii) If 2 < pi < p2 < oo and k < N, then 



where = mm{l, N P2 k 2},^ 



l/pi-l/p2 
1/2-1/P2 • 



The following lemma are a simply corollary of Lemma 13.131 And the proof can be finished 
in the same manner as in the proof of Lemma 10 in Skrzypczak 



Lemma 3.14. Suppose 1 < pi < 2 < p2 < 00. Then there is a positive constant C independent 
of N and k such that 



dk {id,i^,,i!!^) < C ( 



1 

J_ _ 1 
Np2 k 2 





i{k< Np2 , 

if iV^ <k<N, 
ifk> N. 



(3.42) 



Now, we go on to make preparations for the estimates of Kolmogorov numbers of related 
embeddings for the quasi-Banach case with < pi < 1 or < p2 < Ij and for several cases 
left over when p2 = 00. The following result, Lemma 13.15^ is due to Kashin [9], Garnaev and 
Gluskin [5] and Vybiral [29], cf. also [H]. 

Lemma 3.15. Let N gN. 

(i) If 1 <p <2 and k < ^, then 



4 ' 



k-y^^dk {id,i^,C)^k-'/\logC-^)) 
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{a) If 2 < p < oo and k < N , then 

-mm|l, (^ci ^-^^ j j < 4(id,^p ,C) <mm|l, (^C2 ^-^^ j | 

are valid for certain absolute constants ci > and C2 > 0. 
(iii) // < pi < 1, pi < P2 < oo Q'^f^ k < N, then 

4(id,£^,£^J=4(id,Cin(l,p.).^^J- 

The following lemma is a simple corollary of Lemma 13.151 And the proof is similar to that 
of Lemma 10 in [24 . 

Lemma 3.16. Let 1 < pi < 2 and N = 1,2,3,.... Then there is a positive constant C 
independent of N and k such that 



4(id,C.,«<C "<^-S'V. (3,43) 



I 3/2 

if > iV. 

The following estimate is due to Vybiral |29j . 
Lemma 3.17. // < p2 ^ Pi ^ c«i then there is a constant c, < c < 1, such that 

d[,,]+i(id,£2^,£2^) ^nVp^-i/^'\ ken. 

Now we are ready to deal with the Kolmogorov numbers of embeddings of related sequence 
spaces in the quasi-Banach setting, < p, (7 < oo. 

Proposition 3.18. Suppose 0<pi <2 < p2 < 00. 

ii) //min(^,^)>^, then 

4fid, V(2^%iH),^.2(^P2)) ~ k^^^Mhi-.-"^. (3.44) 



\5<—, \5 + s' < 

(ii) If 6 > s' and either < nj or < then 

^ ^ )S-s' < \S-s' > 2'^-" 



P2 ' K P2 



dk(id,£g,{2^^£p,{w)),£g,{ip,)'^ ^k~i"-^. (3.45) 



iiii) IfS<^, 6 < s' < ^ and 5 - s' < then 



fc-f--(if^) ^ dk{id,i,,i2^'ip,iw)),i,,iip,)) ^ fc-^--(i^). (3.46) 
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(iv) If 5 < s\ 5 + s' < ^ and 5- s' > then 



2d-n 
P2 ' 

--(I'T^) ^ dk{id,£,,{2^'ip,{w)),e,,{£p,)) ^ (3.47) 

Proof. We consider three cases according to the distributions of pi and p2- Note that points 

(ii) -(iv) vanish when p2 = oo. 

Case 1. Assume l<pi<2<p2<oo. The proof of the proposition can be finished in the 
same manner as in the proof of Proposition 13. 9| with Lemma 13.51 and (|3.9p replaced by Lemma 
13.131 and (|3.4'2|) . respectively. The only change is that t = mm{p[,p2) is replaced by p2 in this 
case. 

Case 2. Assume 1 < pi < 2 and p2 = oo. We proceed as above, now using Lemma 13.151 
(i) and (j3.43p instead of Lemma 13.131 and (|3.42p . respectively. Related computations of ideal 
quasi-norms herein are similar to the counterpart of entropy numbers, cf. [3l[T6]. Indeed, 

Li%{idJ^^,C)<CN"-K i>i, NeN. 

Moreover, in the estimate of lower bounds, because of p2 = oo, we only need to consider two 
cases, 0<^<^orO<-|-<^, in the same way as in point (a) or (b) of Step 5 in the proof of 
Proposition 13.91 respectively, and take m = [^] in both cases based on Lemma [3. 151 (i). 

Case 3. Assume < pi < 1 and 2 < p2 < oo. We first transform the problem of this case 
to the above two cases (i.e., Case 1 for p2 < oo, Case 2 for p2 = oo), by virtue of Lemma [3.151 

(iii) , and follow trivially them respectively. Note that the exact upper estimate here may also 
be provided by the corresponding statement about approximation numbers, cf. Proposition 13.91 
and (lOl) . 

□ 



Proposition 3.19. Suppose 2 < pi < p2 < oo. We set 9 = 

a' n / p2 ■ 



(i) //min(^,^)> A, then 



4(id, V(2^%iH),^.2(^pj) ~ (3.48) 



[ii] If > s ana either \ ^ or < i:i then 



P2 ' P2 



4(id,V(2''%i(^))>^<,2(^P2)) -fc""-"^. (3.49) 



2d—n ^ 
P2 

fc-f--(i^) < 4(id, V(2^'%i(^)),^«2(^P2)) ^ A:-^ --(^.^). (3.50) 



(m) If6<^e, 6 <s' < ^9 and 6 - s' < ^^9, then 

\ / J P2 ' P2 P2 



(iv) If6<s', S + s' < ^9 and 5 - s' > ^^9, then 

\ J J 1 p2 'P2 



^-f .min(|,^) ^ dk{id,e,,i2^'ip,{w)),i,,iep,)) ^ fc-V-M'^.^). (3.51) 
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Proof. We consider two cases as follows. Note that points (ii)-(iv) vanish when p2 = oo. 

Case 1. Assume 2 < pi < P2 < oo. We only sketch the proof since, once more, we can use 
the similar reasoning. To shorten notations we shall put r = /i = | and 7 = ^ + ^ for any 
s > 0. These simple transformations lead us to follow trivially from the proof of Proposition 
Please note that in the upper estimate, by Lemma 13.131 



4t(id,<-,«-)<C ' ' l-'-'J: (3.52) 



41(id,<-,<^'^) < C \ ^ ' < ^ < ^' I > ^' (3.53) 

Similarly, with respect to the estimate from below, t = min(p']^,p2) is replaced by r = ^ in 
related places. One can consult our previous paper [30] for further details. 

Case 2. Assume 2 < pi < p2 = 00. We proceed as above, now using Lemma r3.15l (ii) instead. 
Again, computations of corresponding operator ideal quasi-norms start up as below, 

Lfl,{idai.C)<CN-^^^^, iVGN. 

s p\ 

In the estimate of lower bounds, we only need to consider two cases, 0<^<f^orO<f^<^, 
as in Case 2 of the last proof, and take m = iV in both cases. □ 

Proposition 3.20. Suppose < pi < p2 < 2 or 2 < pi = p2 < 00. Then 

dk{id,ig,{2^'£p,{w)),£g,{ep,)) ^k-^, (3.54) 

with 

,5s\ 

><= mm (-,—). (3.55) 

a n' 

Proof. The upper estimate is provided by the corresponding statement about approximation 
numbers, cf. Proposition 13.111 and ()2.3p . 

In the lower estimate, once more we follow the proof of Step 5 of Proposition l3.91 If < ^ < |^ 
we take the same iV, S and T as in point (a) . If < |^ < | we take N, S and T the same as in 
point (b). Moreover, in each of these two cases we choose m = [^] (if p2 ^ 1) or m = [| • A^] 
(if pi < P2 < 1) where c is the constant from Lemma |3.17| and we use Lemma 13.131 (if pi > 1) 
or, Lemma 13.151 (iii) and Lemma 13.171 (if pi < ^'2 < 1) or. Lemma 13.131 and Lemma 13.151 (iii) (if 
pi < 1 < P2), instead of Lemma 13.51 □ 

Proposition 3.21. Suppose 0<p<p2<pi<Go where i = min {^i ^) + "^hen 

dk{id,iq,{2^^ep,{w)),eg,{£p,)) k~^, (3.56) 

with 

x = mml-,— )H . (3.57) 

an pi p2 
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Proof. Once again the estimate from above is provided by the corresponding statement about 
approximation numbers, cf. Proposition 13.121 and (j2.3p . 

Again, in the estimate from below we follow the proof of Step 5 of Proposition 13.91 We only 
need to consider two cases, ^<|<|^or^<|j-<^,asin the proof of Proposition 13. 121 And 
in each case we choose m = [| • A^] , where c is the constant from Lemma I3.17[ □ 



3.4 Gelfand numbers of sequence spaces 

In this subsection we deal with Gelfand numbers. First, we collect some necessary information 
on the behaviour of Cfc(id, , cf. [H El EH [29] , and 1^ . 

Lemma 3.22. Let iV G N. 

(i) If^^Pi < P2 ^ CO and k < ^ then 

Ck (id,£^,£^J~L 

(a) If 1 < pi < 2 < p2 < oo and k < ^ then 

Ck (id,£^^,£^J ~min{l,iv4fc-5}. 

{in) // 1 < Pi = P2 < 2 and k < N, then 



(iv) If 1 < pi < P2 ^ 2 and k < N , then 



1 



where ^ = min{l, iV'i fc^t }, Qi = • 
The proof of this lemma follows by (j2.ip . (j2.2p and Lemma 13.131 

The following result is due to Foucart et al.[l]. Note that the definition of Gelfand widths is 
used in Here we refer to it in our words. 

Lemma 3.23. Lei 1 < /c < iV < 00. 

(i) // < pi < 1 and 2 < p2 < 00 then there exist constants Ci, C2 > depending only on 
pi and p2 such that 

Cimmjl, ^—^ 1 < Cfc (id,£p^,£pj < C2mm|l, ^ j 



(ii) // < pi < 1 and Pi < P2 ^ 2 then there exist constants Ci, C2 > depending only on 
pi and p2 such that 

( Infr^) + I^l/Pi-1/P2 , M M^ r In (t;^) + I'll/Pi -1/P2 

Ciminjl, I <c,(id,^^,^^J <C2min{l,^|^i^} 
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Remark 3.24. For the upper bounds, there is another result given by Vybiral 129^ . cf. Lemma 
4-11, with a slight difference between them on the log-factors. But they are equivalent for our 
estimates of related upper bounds considered in Theorem \2. T\ 

Lemma 3.25. Let /c e N. 

(i) /f < pi < 1 and 2 < p2 ^ oo then 

c,{id,£l1,£l^)yk'/'-'/^K (3.58) 



(ii) If < pi < 1 and pi < P2 < 2 then 

Cfc(id,£2fc^^2fc^ (3.59) 



The proof of this lemma fohows hterahy [29], p. 567, by the multiphcativity of Gelfand 
numbers. In fact. The point (ii) of Lemma 13.231 may also imply point (ii) of Lemma 13.251 

Lemma 3.26. // l<A;<A^<oo and < P2 ^ Pi ^ oo, then 

Cfc(id,^^^,^^J = (7V-A; + 1)Vp2-iM. 

The proof of this lemma follows literally |21j . Section 11.11.4, see also |23j . Indeed the 
original proof is used only for the Banach space case 1 < P2 ^ Pi ^ oo. However, the same proof 
works also in the quasi-Banach case < p2 < pi < oo. 

Now we show some asymptotic estimates of Gelfand numbers of embeddings between related 
sequence spaces in the quasi-Banach setting, < p,q < oo. 

Proposition 3.27. Suppose 0<pi < 2 < p2 < oo. 
(i) //min(^,^)>^, then 

Cfc(id, V(2^%,(«;)),£g,(£pj) ~ (3.60) 



(ii) If 5 > s' and either 



5 < 



Pi' 
s' < 



2d-n 



or 



5 + s'<f^ 

Jj then 
5-s' > 2'^-" 



Pi 



Cfc (id, V (2^%, («;)), 



2 



(3.61) 



(Hi) If5<4,d<s'<^and6- s' < then 
Pi Pi Pi 
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(iv) If6<s',6 + s'<^^and6-s'> then 

k-i-^'-iU) ^ ck[id,i,,i2^'ip,{w)),£,,{lp,)') ^ (3.63) 

Proof. We consider three cases from the standpomt of pi and p2- Note that points (ii)-(iv) 
vanish when < pi < 1. 

Case 1. Assume l<|3i <2<p2^co- This is corresponding to Case 1 in the proof of 
Proposition 13.181 So we may deal with the proof exactly in the same manner in terms of Lemma 
13.221 (ii). The changes begin with (j3.20p . where dn is substituted by c„. And the others go on 
trivially. 

Case 2. Assume < pi < 1 and 2 < p2 < oo. We proceed as above. Related computations 
of ideal quasi- norms herein are finished by Lemma 13.231 (i). Moreover, in the estimate of lower 
bounds, because of < pi < 1, we consider two cases, 0<|<-|^orO<|j^<^, and take 
m = [y] ill both cases based on ()3.58p . □ 

Proposition 3.28. Suppose < pi < P2 <2. We set 9i = ^(fi:^^- 

(i) //min(^,^)>|, then 

Ck{id,ig,{2^'ip,{w)),ig,i£p,)) ~ A:-™"(^'")-i^+i^. (3.64) 

(ii) If 6 > s' and either < ^} „ , or < , ^J-, then 



Ck(\d,l,,{2^Hp,{w)),t,,{tp,)) ^ k-"^"-^ . (3.65) 



(m) If5<j-ei, 5 <s' < and S - s' < ^Oi, then 



kA-^^iU) ^ ck{id,i,,{2^'ip,{w)),i,,{ep,)) ^ (3.66) 

(iv) IfS<s', 6 + s' < and 5 - s' > ^9i, then 

A:-4--(i.t) ^ ck{id,i,,{2^'£p,{w)),e,,{£p,)) ^ k~i-^'-^''^\ (3.67) 

Proof. We consider two cases for pi and p2. Note that points (ii)-(iv) vanish when < pi < 1. 

Case 1. Assume 1 < pi < P2 ^ 2. This is corresponding to Case 1 in the proof of Proposition 
13.191 So we may deal with the proof exactly in the same manner in terms of Lemma 13.221 (iv) 
and the ideas from Case 1 of the last proof. 

Case 2. Assume < pi < 1 and pi < p2 < 2. Once more we proceed exactly as in the proof 
of Theorem 6 in |17j . Here, Lemma [3.23l (ii) implies the computations of corresponding operator 
ideal quasi- norms. In the lower estimate, we consider two cases, 0<|<-|^orO<-^<|, 
as in Case 2 of the last proof, and take m = [^] in both cases based on Lemma 13.251 (ii) or 
(I339D . □ 
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Proposition 3.29. Suppose 2 < pi < p2 < oo or < pi = p2 < 2. Then 

Ck{id,e,,{2^'ip,{w)),ig,iep,)') ^ k-^, (3.68) 

with ^ 

X = mill (-, — ) . (3.69) 

a n 

Proof. The proof of this proposition follows exactly as in the proof of Proposition 13.111 with 
Lemma 13.51 replaced by Lemma 13.221 and Lemma 13.261 □ 

Proposition 3.30. Suppose 0<p<p2<pi<oo where i = min (|, f;;) + Then 

Cfc(id,V(2^%(«^)),V(^pj) -A;-^ (3.70) 

with 

x = mm -,-) + . (3.71) 

an pi p2 

Proof. The proof of this proposition follows exactly as in the proof of Proposition 13.121 with 

Lemma 13.91 replaced by Lemma |3.26[ □ 

Remark 3.31. It is remarkable that all results in Section\^ are independent of qi and q2. 

4 Widths of embeddings of 2-microlocal Besov Spaces 

Using basic properties of these s-numbers and Proposition 13.21 we have, for any s G {a, c, d}, 

su(^id,B;\'i,{w^,u),B;i';'^{w',u))^sk(id^ 



with equivalence constants independent of A; G N, cf. also (j3.2p . This leads us to transfer the 
results of Section [3] for sequence spaces back to function spaces. Theorem 12.31 follows from 
Proposition 13.91 Proposition 13.111 and Proposition 13.12] Theorem 12.51 follows from Propositions 
EUl-EHl Theorem O follows from Propositions [327]-[330l □ 

Remark 4.1. If U = {xq}, similar conclusions on the approximation, Gelfand and Kolmogorov 
numbers could be made for Corollary 8 in 117^ . 

Remark 4.2. If U = {0}, the comparison between our main theorems and the known results 
on the approximation, Gelfand and Kolmogorov numbers of embeddings of Besov spaces with 
polynomial weights, cf. f24\ could also be easily made, as is shown for entropy numbers in 
Remark 4 of flTij . We do not go into detail. 

Remark 4.3. Finally, we wish to mention some open questions. What is the asymptotic behav- 
ior of related n-widths for the other cases unsolved here ( especially the case | < ^.^^j^, < ^ 
with 0<pi<2<p2<oo for the approximation numbers), under the equivalent condition 
of compactness, min(^,|j-) > ^? In some cases, the optimal order may even depend on the 
microscopic parameters qi and q2. 
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